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Ifz=yandx=a—2y, a <2<3 we get

5 2
4y 2 _ 2)4_(9)‘;@]3

Yt + 20+ (2y2) 3(3 3 29 (y,a)

_(3y—a)2 4 3 2 2 22 3 _ 4

= T9(324y 108ay” 4+ 1458y“ — 1620ay + 702a* — 27a“y* — 6a’y — a”)
Now we prove that P(y,a) > 0. Indeed

7020 — a* = a*(702 — a?) > a*(702 — 9) = 693a%,  6a’y = 6a’ay < Hday
1011y% + 693a? > 1674ay = (1620 + 54)ay
so we get
324y + 442y > 108ay® + 27a2y?
and this is implied by
324y* + 44297 > 108 - 3y° + 27 - 9y® — 324y 4 199y% > 32493

and this finally follows by the AGM 324y* 4+ 199y? > 507y>. We have showed that

4 6
ot oyt 2 4 (ry2)? -3 (%) - (%) >0

and the difference equals zero if x = y = 2z = a/3. On account of their definition,
x,y,z can be equal if and only if A= B =C =7/6 whence z =y =z =1 and

oyt b2t 4 () —4>0

The searched minimum is thus min{8,4} = 4.

Also solved by José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain.

59. Let x,y,z be nonzero complex numbers. Prove that

-1
1 1 1
81 (W + W + W) <Blztyt 2P+ 22—y— 2P+ 2y —z— 2> + 22—z —y|?

(Training Catalonian Team for OME 2014)

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. More generally, consider n nonzero complex
numbers 21,...,2,, and let g = %(zl + ...+ z,). Clearly we have

n n n n
STz —nl =3 1al -2 Rezm) + D |uf?
k=1

k=1 k=1 k=1
n n
= " lal® = 2nfpl® +nlul =zl = nlul?
k=1 k=1

That is

<

v n

2nl® = nlul® + 1z — pl (1)
k=1 =1
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Now, the HM-AM inequality shows that

n

-1
n 1

Y —5 ) <D lal 2)
=l

k=1
Combining (1), (2), and rearranging, we obtain

() <nfSal +Sfo-va-Xs)
k=1 7k k=1 k=1 7k
The proposed inequality corresponds to n = 3 and (z1, 22, 23) = (z,y, 2).

Solution 2 by José Luis Diaz-Barrero, BARCELONA TECH, Barcelona,
_(et+y+2)(@+y+2z)

Spain. We have
2 ) 1 2
3
B 9

L[@r—y—2)2e—y—2) Qy-a-2)2y-r-2) (2z-z-yRz—a—y)
+§[ 9 i 9 * 9 }

1
= 3 (Il + yl? + 12
Applying AM-HM inequality, yields

1
<n

2x—y—z2
3

22 —x—y
3

rT+y+z

2y—:r:—22
3

1 3
S (122 + Iyl + |22) > ————

N 7/ R

and taking into account that the given inequality is equivalent to

3 1
1 1 1 §§(|x+y+z|2)
I T
FEREVERNN

1
+2—7(|2w—y—z|2+|2y—x—z|2+|2z—w—y|2)

from which the statement follows. Notice that equality holds when |z| = |y| = ||
and we are done.

Solution 3 by Arkady Alt, San Jose, California, USA. Since
z4+y+2 =(@+y+2) @ +7+32)

=lal* + lyI* + [2° + (27 + Ty) + (yZ + §2) + (2T + Zz),
20 —y—zf =Qe—y—2) 2T -T2

= Az’ +[y* + |2* — 2 (@7 + Ty) + (v +72) — (2T + 72),
2y —z—2P=@2y—2-2)(2Y—2—7)

= o +4|y)* + |2° = 2 (yZ + J2) + (2T + Z2) — (2T + 7).
22—z -y =(Q2z-2-y)(2Z2-T-7)

= |2 + |y +4|2)* — 2 (2T + z2) + (27 + Ty) — (2T + 7x)
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then

Bledy+ 2+ 122 —y—2 + |2y —z -2l + 22—z —y
2 2 2 2 2 2 2 2 2
=3 (I + 19 + 12) +6 (2> + [yl + 1217) = 9 (Jaf* + y* + |2I7)

and the original inequality becomes

-1
1 1 1

1 (—2 +—5 + —2> <9 (|x|2 + |y|2 + |z|2>
(T 7] I P

-1
1 1 1 2 9 2
9<—Q+—2+—2> < (o + 1y +12F)
I 7 1
where latter inequality holds because by Cauchy’s inequality

2 2 2 1 1 1
(laf 41wl +12P) | Sz + =g+ =5 | 29
2 "l

Also solved by José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain.

or

60. Compute the following sum:

> Ly > I > b

1<ii<ntl b 1<ii<ig<nigl 172 1<ir<.. <in<ntl 172 n

(Training Spanish Team for VJIMC 2014)

Solution 1 by José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain. Let us denote by S the following sum:

1 1 1
S=1 — — .t —
+ Z T Z i1i2+ +1-2---n+1

1<h<ntl 'l 1< <iz<n+l
n+1 n+1
1 k+1 2)!
:H<1+E): %:(n+1)':"+2
k=1 k=1 (n + )
Then
1 1 1
Z — + Z — + ...+ Z —
h 11 . - 1112 . / 2112 ... 1p,
1<i1<n+1 1<ip<iz<n+1 1<ii <. <inp<n+1l
1 1
=S-|{1+—)=n+1—- — -
( +1-2~--n+1) n (n+1)!
and we are done. |

Solution 2 by Arkady Alt, San Jose, California, USA. Consider the poly-
nomial

n+1 n
1 .
P(x) = H <:c + E) =" L, + E apz" TR

k=1 k=1



